We apply conformal field theory analysis to the k-channel SU(N ) Kondo system, and find a peculiar behavior in the cases N > k > 1, which we call Fermi/non-Fermi mixing: The low temperature scaling is described as the Fermi liquid, while the zero temperature infrared fixed point exhibits the non-Fermi liquid signature. We also show that the Wilson ratio is no longer universal for the cases N > k > 1. The deviation from the universal value of the Wilson ratio could be used as an experimental signal of the Fermi/non-Fermi mixing.
The Kondo effect has been providing a lot of theoretical and experimental occasions, which deepen our understanding of many-body correlated electron systems. After the increasing resistivity in the low temperature regime was clarified by using the standard perturbation analysis 1 , the focus has been moved to deeper understanding of the Kondo system beyond the perturbation theory. Indeed the formation of the Kondo singlet in the regime below the characteristic scale, which is called the Kondo temperature T K , shows the nonperturbative nature due to the asymptotic freedom of the Kondo system. This means that we have to rely on a non-perturbative approach to study the low energy physics of the Kondo effect. This kind of attempts for the non-perturbative study was initiated by Wilson's numerical renormalization group analysis 2 , and then a lot of works appeared following that, including Bethe ansatz 3, 4 , large N analysis 5-9 , and so on. One of the most important non-perturbative approaches to the Kondo problem is conformal field theory (CFT) analysis initiated by Affleck and Ludwig [10] [11] [12] [13] [14] [15] . See also a review article 16 .
In this paper we study the k-channel SU(N) Kondo effect based on the CFT approach. In particular, we put a special focus on the cases N > k > 1, which Affleck and Ludwig do not investigate in detail. We first compute the g-factor associated with the impurity entropy for the multi-channel system 11 . Since the g-factor becomes a rational (irrational) value for the Fermi (non-Fermi) liquid fixed point, it can be used to clarify the infrared (IR) fixed point of the Kondo system. We then consider the low temperature scaling of the specific heat and susceptibility, which can be studied by the conformal perturbation theory around the corresponding IR fixed point. This perturbation analysis is performed with respect to the corresponding leading irrelevant operator the explicit form of which depends on the number of the channel k.
We obtain the the irrational values of the g-factor in the cases N > k > 1, which imply the non-Fermi liquid fixed point. On the other hand, the low temperature analysis shows that the scaling behavior coincides with that of the Fermi liquid in the cases N > k > 1.
We call this peculiar behavior Fermi/non-Fermi mixing, the low temperature scaling shows the Fermi liquid behavior, while its IR fixed point shows the non-Fermi liquid signature in N > k > 1. We remark that such a behavior was pointed out before based on the Bethe ansatz 17 , and a similar CFT analysis 8, 9 . We summarize the dependence on the fundamental parameters (N, k) in Table I . We also find that in the cases N > k > 1 the Wilson ratio is no longer an universal quantity of the Kondo system, which depends on the detail of the system. In this paper we basically focus on the impurity in the fundamental representation of SU(N). Therefore we do not enter the underscreening regime even in the case N > k > 1.
The remaining part of this paper is organized as follows. In Sec. II we summarize some basic aspects of the CFT approach to Kondo effect, in particular, characterized by the fundamental parameters (N, k) in the system. In Sec. III we consider the g-factor associated with the impurity entropy, which characterizes the IR fixed point of the Kondo system.
We will see that the g-factor shows the non-Fermi liquid behavior in general for the multichannel systems (k > 1). We also provide an interpretation of the g-factor as the Wilson loop
Wilson ratio non-Fermi (universal) mixed (non-universal) contribution. In Sec. IV we compute the low temperature scaling behaviors of the specific heat and susceptibility. In particular we observe that the scaling behavior is described by the Fermi liquid in the cases N > k > 1 although the g-factor shows the non-Fermi liquid behavior, which implies the Fermi/non-Fermi mixing. We also show that, as a result of this mixing, the Wilson ratio doesn't play a role as the universal quantity in N > k > 1. In
Sec. V we conclude this paper with some remarks and discussion.
II. CONFORMAL FIELD THEORY APPROACH TO MULTI-CHANNEL SU(N ) KONDO EFFECT
Let us briefly summarize the CFT approach to the multi-channel SU(N) Kondo effect 16 .
The Kondo problem is defined as a (3+1)-dimensional model of the conduction electron interacting with the localized magnetic impurity. Assuming the impurity is sufficiently dilute, we apply the s-wave approximation to the (3+1)-dimensional model. This approximation leads to the effective (1+1)-dimensional k-channel SU(N) Kondo model as
where the free fermion Hamiltonian density is given by
and the Kondo interaction term is
Here, ψ R and ψ L are right and left moving fermions, which have SU(N) spin and SU(k)
are the generators of SU(N) group, and S a is a local SU(N) spin at the origin x = 0. The fermion fields satisfy the boundary conditions ψ L (0) = ψ R (0) and ψ L (x) = ψ R (−x), owing to the s-wave approximation 13 . Therefore, we can express the Hamiltonian (1) in terms of only the left moving fermion fields as
Hereafter, we shall drop the subscript L. The kinetic term (first term) is equivalent to the Wess-Zumino-Witten (WZW) model whose action, associated with the Kac-Moody algebra g k , is given by
where g is an element of group G associated with the Lie algebra g, and k is the level corresponding to the number of the channel. In particular, for the SU(N)-spin k-channel
Kondo model, the total action of the kinetic term consists of three parts
with the symmetry
The bosonic field φ(x) describes the U(1) degrees of freedom. They correspond to the spin, channel, and charge part, respectively. This factorization is nothing but the spin-charge separation. Indeed, defining the spin, channel, and charge currents
we can express the Hamiltonian density in the Sugawara form as
where :
} is the normal order product, which subtracts the singularities at ǫ → 0. 
where f ab c is the structure constant, while the Fourier mode of the current
obeys
Here L in the Fourier integral stands for the size of the space, which is taken to be L → ∞. Now, the impurity is a singlet with respect to the channel and charge symmetry SU(k)×U (1), while the electron is in the fundamental representation of spin and channel SU(N) × SU(k).
We need to specify the representation of the impurity R imp under the spin SU(N) symmetry, which characterizes the Kondo model as the fundamental parameter (N, k, R imp ).
We can complete the square for the Hamiltonian (11), up to a constant term S a S a ,
with the current
which obeys the same current algebra su(N) k if the coupling constant takes a special value λ * K := 2/(N + k). The coupling value λ * K is regarded as a renormalized coupling at the IR fixed point. This redefinition can be interpreted as absorbtion of the impurity spin at the IR fixed point, and the corresponding Hamiltonian (15) has the same symmetry (7) as the original model (11) in the ultraviolet (UV) region. The impurity effect at the IR fixed point is then implemented as the boundary condition of the corresponding CFT. From the SU(N) k fusion rule, we can obtain the spectrum of the system by studying how the highest weight states fuse with the boundary operator describing the impurity spin.
III. IMPURITY ENTROPY: g-FACTOR
We can exactly compute the impurity contribution to thermodynamic entropy at the IR fixed point using a ratio of the modular S-matrix, 18 which is a logarithm of the so-called
The modular S-matrix is related to the boundary condition of the corresponding CFT, implying the impurity effect at the IR fixed point. Here R imp is the representation of the impurity. To understand the physical meaning of the g-factor, let us consider the standard single channel SU (2) spin Kondo effect as a simple example. When the IR fixed point is well described by the local Fermi liquid, the factor can be given as g = 2s + 1 for the impurity spin s. In UV regions, the impurity spin is s = 1/2 and thus g = 2, while at the IR fixed point the Kondo singlet state leads to s → 0 and then g → 1, which is consistent with the g-theorem claiming that the g-factor monotonically decreases in the renormalization flow 11 .
This is a standard behavior of the g-factor at the IR fixed point in Fermi liquid with the spin SU(2) symmetry. However, in general, this g-factor takes an irrational value, which suggests the non-Fermi liquid behavior at the IR fixed point, typically observed in the over-screening
Kondo system, while we obtain an integer g for critical and under-screening Kondo systems which are described as the local Fermi liquid.
A. Relation to Wilson Loop
We remark the g-factor formula (17) is exactly the same as the (unknot) Wilson loop
The right hand side of Eq. (18) can be expressed in terms of the quantum dimension of R,
This leads to
where q = exp (2πi/(N + k)) for SU(N) k theory and we use the notation that R = (R 1 , . . . , R N ) ∈ Z N ≥0 also denotes the partition characterizing the SU(N) representation, obeying R 1 ≥ · · · ≥ R N ≥ 0. See Appendix A for the derivation of the formula (21).
The quantum dimension (21) is reduced to the ordinary dimension of the representation R in the limit q → 1, corresponding to the large channel limit k → ∞. The Wilson loop appearing here is interpreted as the world line of the impurity located at the boundary, and the g-factor corresponds its expectation value. This implies that the spin absorbtion at the IR fixed point is realized as an appearance of the Wilson loop.
B. Analysis of g-factor
We compute the g-factor for the k-channel SU(N) Kondo system using the formula (21) .
First of all, for the single-channel system k = 1, we shall show that the g-factor becomes trivial for arbitrary N. Since the representation of SU(N) k has to satisfy R i ≤ k for i = 1, . . . , N, a possible representation for k = 1 is given by
which is the r-th antisymmetric representation. In this case, we can directly compute the formula (21) with arbitrary r ∈ {0, . . . , N} as
This trivial value implies that the IR fixed point of the single-channel (k = 1) Kondo system is described as the local Fermi liquid for arbitrary N. The localized spin is completely screened, and forms the SU(N) Kondo singlet with the conduction electron in this case.
Next we compute the quantum dimension for k > 1 and the fundamental representation of the impurity, corresponding to R = (1, 0, . . . , 0), which is given by where ρ is the Weyl vector (A4), and the q-number [x] q is defined by
This q-number is reduced to the ordinary number [x] q → x in the limit q → 1, so that dim q R → dim R. Therefore, in this limit, the quantum dimension becomes
We remark the anti-fundamental representationN gives the same quantum dimension.
Let us consider the large N behavior of the g-factor. Expanding the expression (24) with respect to the large N at a fixed k, we obtain
In the large N limit, the g-factor is approximated to g = k, and the correction starts with
. This implies that the SU(N) k Kondo effect is described as the Fermi liquid in the large N limit, and thus the low-temperature scaling of the specific heat and so on is expected to exhibit the Fermi liquid behavior. Table II shows the numerical values of the g-factor for the (anti)fundamental representation. Although there is an accidental case giving an integer value for three-channel SU (3) system SU(3) k=3 , we obtain irrational values for k > 1 in general cases. This is a signature of the non-Fermi liquid behavior at the IR fixed point of the multi-channel Kondo system, corresponding to zero temperature (ground state). We remark that the coincidence of gfactor for SU(N) k and SU(k) N reflects the level-rank duality of the Kac-Moody algebra.
The SU(3) 3 system is self-dual in this sense (N, k) = (3, 3).
By using the conformal field theory, one can also compute the temperature dependence of several quantities, e.g. specific heat, susceptibility, and resistivity in the low temperature region compared to the Kondo temperature T ≪ T K . There are two contributions to these observables, i.e., bulk and impurity contributions. Let us first consider the bulk contribution to the specific heat, which is obtained by the finite-size scaling argument 21,22
where the total central charge of the model with the symmetry (7) is given by
We remark this bulk contribution does not depend on the impurity representation R imp .
The bulk susceptibility obtained from the two-point function of the currents is determined by the level of the Kac-Moody algebra
due to the diagonal part of the current operator product expansion
Here we do not take the summation over the index a on the LHS. We remark that the first order pole does not appear in this diagonal part, which is proportional to the structure constant f A. Single-channel System (k = 1)
In addition to the bulk contributions, we can compute the low temperature behavior of the impurity part from the conformal field theory. Firstly, we consider the case of k = 1. In this case, the low temperature scalings of the specific heat and susceptibility are evaluated by
Affleck from the conformal field theory 10 . For completeness, we here summarize the results of the specific heat and susceptibility for k = 1.
In the single channel case k = 1, the scaling behavior at low T is characterized by the leading irrelevant operator O = J a J a (x) which is the dimension two operator to be localized at the origin. The perturbation with respect to the leading irrelevant operator
leads to the impurity contributions to the specific heat and the susceptibility. Note that from the dimensional analysis, the coupling λ 1 should be proportional to T −1 K (≡ β K ). Therefore, in sufficiently low temperatures as compared to T K , the operator δH becomes irrelevant. It is difficult to determine the exact form of the coupling λ 1 since it depends on the microscopic details of the system. However, one can still determine low temperature scaling behaviors of the specific heat and the susceptibility, and the exact form of the Wilson ratio from the fundamental parameters (N, k). The impurity contributions to specific heat and the susceptibility can be obtained from the first order perturbation of the leading irrelevant operator. The results are given by
for the specific heat, and
for the susceptibility, with k = 1. At the low temperature, the specific heat is proportional to T , whereas the susceptibility is independent of the temperature. These behaviors indicate that the system can be described by the Fermi liquid in the IR regions. This is consistent with the g-factor analysis with k = 1 in the previous section. Gathering the above expressions for the specific heat and the susceptibility, we obtain the Wilson ratio, which is a universal quantity of the Kondo effect, characterizing the IR fixed point,
Note that the unknown parameter λ 1 is canceled and does not appear in the Wilson ratio, which is a reason why this ratio is universal.
Next, we consider cases with k > 1, corresponding to the multi-channel system. In these cases, Affleck-Ludwig 13 investigate the specific heat and the susceptibility by using the CFT approach. However, they especially focus on k ≥ N and do not evaluate the observables for N > k > 1 in detail. In this subsection, we comprehensively calculate the specific heat and the susceptibility for arbitrary N with k > 1, including the cases N > k > 1.
For k > 1, we can introduce another irrelevant operator, which is given by
This operator has the conformal weight 1 + ∆, which is a descendent of the adjoint primary φ with the weight
For k > 1, such an adjoint operator always appears in arbitrary N > 1. 24 Now, we consider the perturbation analysis with respect to the irrelevant operator
From the dimensional analysis, the coupling λ should be proportional to T
). Since ∆ < 1, this is the leading irrelevant operator for k > 1, which is more relevant than the previous irrelevant operator (32) in the low temperature region.
The observables can be obtained from the partition function with the leading irrelevant operator (37) as well as an external source term, which is given by
where F is the free energy, and the Hamiltonian density H is given by (15) . L is a size of the space, which is taken to be L → ∞, and h is the third component of an external SU(N) magnetic field. Although the generic coupling between the magnetic field and the current is given by h a J a , the SU(N) symmetry allows us to consider a specific term h 3 J 3 = h J 3 without loss of generality. Z 0 is the partition function with λ = h = 0. The free energy F can be divided into the bulk and impurity parts as
Since the bulk part of the free energy is extensive in L, it is proportional to L. On the other hand, the impurity part of the free energy is not extensive in L. The f bulk with vanishing h is nothing but the free energy of non-interacting Nk fermions in (1+1)-dimensions, which is well known as
Here the central charge is c = Nk, corresponding to the Nk free fermions. This free energy leads to the bulk specific heat (28) from C bulk = −T 2 ∂ 2 f bulk /∂T 2 .
Specific Heat
We evaluate the temperature dependence of the specific heat at low temperature from the second order perturbation with respect to the leading irrelevant operator for k > 1.
Expanding the partition function with respect to the coupling λ with h = 0, we get e −βf imp = exp
where the bulk part of the free energy is subtracted by Z Then, we find the impurity part of the free energy
up to the second order of λ. In this (1+1)-dimensional system, the correlation functions can be determined by the Kac-Moody algebra and the conformal symmetry. At finite temperatures, the correlation function is given by
The power of the correlation function is determined by the conformal weight of the leading irrelevant operators, while the coefficient corresponds to the OPE coefficient. This correlation function leads to
where the integral is regularized by the step function Θ with the cut-off ǫ = aπ/β. Here the short distance parameter a is characterized by the Kondo temperature
Since the integrand is translational invariant and has the symmetry τ 1 ↔ τ 2 , the free energy
Changing the integral variable as u = tan(πτ /β), we find
The first term is proportional to the inverse temperature β, and thus does not contribute to the specific heat. The contribution to the specific heat comes from the second term which includes the the following integral:
as ǫ → 0 (T /T K → 0). Then, the free energy is given by
From this free energy, we can evaluate the impurity contribution to the specific heat
where β K = 1/T K . Although the specific heat contains the unknown constant λ 2 , we can read off the temperature dependences of the specific heat at low temperatures as
where the dimension ∆ is given by (36) . This shows fractional power (logarithmic) temperature dependence for k ≥ N, suggesting the non-Fermi liquid behavior, while we obtain the linear dependence for N > k > 1. The latter behavior is actually the same as the singlechannel system k = 1 (33), which is described as the Fermi-liquid. On the other hand, the analysis of g-factor performed in Sec. III shows that the IR fixed point is of the non-Fermi liquid for N > k > 1, which is consistent with the Bethe ansatz analysis 17 . Although the fixed point is classified as the non-Fermi liquid, the low temperature behavior is described as the Fermi-liquid for the cases N > k > 1.
We remark that since Eqs. (33) and (49) have the same scaling behavior as T /T K for N > k > 1, they contribute to the specific heat in the same order. Thus, a proper contribution to the specific heat should be a combination of these two terms
which shows the linear temperature dependence. The situation is summarized as follows.
Although the operator dimension itself of δH (37) is lower than δH 1 (32), the perturbation starts from the second order of δH while it starts from the first order of δH 1 . Consequently, these two contributions to the free energy are compatible with each other, and thus the contributions of the operators of the local Fermi liquid type and the non-Fermi liquid type are mixed up. We call this peculiar behavior the Fermi/non-Fermi mixing. The combined expression of the specific heat (51) will play an important role when we discuss the Wilson ratio for N > k > 1 in Sec. IV B 3.
Susceptibility
Next we compute the low temperature behavior of "SU(N) susceptibility" from the two-
2 ) by taking into account the external source. Here we evaluate the impurity contribution to the susceptibility which is given by
with e −βf imp = Z 0 exp
Expanding the partition function with respect to both λ and h, we find
Here we have omitted the upper and lower limits of the integrals, since the limits of each integral are clear without them. Taking logarithm in both sides, we get
From Eqs. (52) and (55), the susceptibility reads
up to the second order of λ. Here, the connected correlation function can be expressed as
By using this correlation function, one can get the susceptibility as
Integrating x 1 and x 2 , we find
Now the scaling behavior of the susceptibility is summarized as
where the dimension ∆ is given by (36) . We obtain fractional power (logarithmic) temperature dependence for k ≥ N, while there is no temperature dependence for N > k > 1, which is the same as the single-channel system (34) . As discussed in Sec. IV B 1, the low temperature behavior for N > k > 1 implies the Fermi/non-Fermi mixing behavior, which is the Fermi liquid-type excitation from the non-Fermi liquid IR fixed point, and consistent with the Bethe ansatz analysis 17 . Again, the susceptibility (59) for N > k > 1 is the same order of Eq. (34) with respect to T K . Therefore, the proper expression of the susceptibility for N > k > 1 is the combination of these two contributions as
This shows the Fermi/non-Fermi mixing, the mixing of two contributions of Fermi/nonFermi type operators, as in the specific heat.
Wilson Ratio
Now we can evaluate the Wilson ratio 2 from the impurity contributions obtained in the previous subsections. For the single-channel system (k = 1), it is given by (35) . For k ≥ N > 1, the ratio is given by
which is a universal constant characterizing the IR fixed point, not depending on the unknown parameter λ as well as T K . For N > k > 1, on the other hand, we have to take into account the two impurity contributions as shown in (51) 
and (61). The Wilson ratio is then
given by
where the dimensionless constant is defined as
In this case the Wilson ratio depends on two coupling constants (λ 1 , λ) as well as T K through the dimensionless constant γ, which depend on the details of the system. This indicates that In the large N limit, we find that the Wilson ratio approaches to unity
Therefore, the Wilson ratio again becomes an universal quantity, which is consistent with the single-channel system (35) in the limit N → ∞. In this case, the g-factor also behaves as the Fermi liquid.
We expect that the non-universal property of the Wilson ratio (63) for N > k > 1 can be used as an experimental signal of the Fermi/non-Fermi mixing. Because the the low temperature scaling behavior of the single-channel system described as the Fermi liquid is the same as that of the multi-channel system with N > k > 1, it is difficult to distinguish these two systems just by observing the low temperature dependences of the observables such as the specific heat and the susceptibility. 
V. DISCUSSION
In this paper, we have studied the multi-channel SU(N) Kondo system by using the conformal field theory approach. We have computed the g-factor, associated with the impurity entropy, to characterize the IR fixed point of k-channel SU(N) Kondo system. From the g-factor analysis, we have shown that the zero temperature IR fixed point is described as the 
We obtain a formula (21) with this definition, which computes the quantum dimension. The formula (21) depends only on differences of entries R i − R j , which leads to the invariance under the constant shift R i → R i + c for ∀i. Thus we can fix the last element as R N = 0 without loss of generality.
For example, the SU(2) representation is classified into s-spin representation R s , which corresponds to (R 1 , R 2 ) = (2s, 0), and the q-parameter is given by q = exp (2πi/(2 + k)).
The quantum dimension yields dim q R s = [2s + 1] q = sin 2s + 1 2 + k π
In the limit q → 1, this reproduces the dimension of s-spin representation, dim R s = 2s + 1.
We then show an explicit formula for SU(3) theory. Parametrizing (R 1 , R 2 , R 3 ) = (r, s, 0) with r ≥ s, the quantum dimension is given by dim q R = where the q-parameter is taken to be q = exp (2πi/(3 + k)), and k is the level.
arXiv:cond-mat/9803137 [cond-mat.str-el].
18 The modular S-matrix formula for SU(N ) theory is given by S µν = q 
